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Bulle-Effect: the non-linear distribution of near bed sediment between 
the lateral and the main channel of a steam/river diversion.   

Q , S Qmain , Smain 

Qside , Sside 

Bifurcation: when a 
river/stream splits into 
two. e.g. the 
Pannerdensche Kop 
bifurcation on Rhine 
River, Netherlands. 
(image courtsey :http://www.citg.tudelft.nl/
uploads/
RTEmagicC_Rivers_Rijn_by_Gelderlander.jp
g.jpg) 

Diversion: A special 
type of bifurcation 
where the main-
channel continues 
along the original path. 
e.g. Mississippi River, 
West Bay diversion. 
(image courtsey http://media.nola.com/
hurricane_impact/photo/9034828-large.jpg) 

Bulle found that the amount of bedload sediment entering the diversion chan-80

nel (S
side

) was disproportionately higher with respect to the water discharge.81

This highly non-linear distribution of bedload sediment discharge, between the82

main and diverted channel at a diversion is often referred to as the Bulle-E↵ect83

[10]. The relationship between the ratio of bedload discharge moving into the84
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where a and b are constants. If the distribution of bedload sediment between87

the two channels was linear, then b = 1. For Bulle’s experiments b > 1, thus88

making the sediment distribution non-linear.89

Figure 2, plotted using data from Bulle’s experiments, shows the division90

of water and bedload sediment at diversions of di↵erent angles for experiments91

conducted with Q = 0.005 m

3
s

�1 (where Q = Q

main

+ Q

side

). It is evident92

from the plot that sediment discharge (S
side

) entering the diverted channel is93

disproportionately higher than that remaining in the main channel (S
main

),94

even for cases where Q

main

> Q

side

. It can also observed that the amount of95

bedload entering the lateral-channel varies with increase in diversion-angle, with96

the maximum amount of sediment continuing in the main channel for diversion97

angle of 120 degrees. Bulle has also conducted experiments for di↵erent flow98

partitioning and channel layouts, which are further discussed and compared with99

simulations results in the following sections. Eventhough the exact mechanism100

behind the Bulle-E↵ect is not fully understood, Bulle himself and some studies101

after his have hinted towards presence of strong secondary currents that sweep102

the near-bed sediment into the diversion channel [11, 9].103

In his experiments, Bulle also observed recirculation zones (see fig. 1); one104
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Bulle-Effect: what does the experiments say ? 
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•  Data reproduced from Bulle’s experiments from 1926.  
•  All the cases had a constant water discharge of Q = 5 l/sec = 0.005 m3s-1 
•  Experiments were done for five different diversion angles (30, 60, 90, 

120 and 150 degree).  
•  Experiments were also done for different water discharge ratios.  
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Bulle-Effect: what does the experiments say ? 
•  20 years later Mario Cristani extended Bulle’s experiments, and found that the data matched the trend 

predicted by Bulle.  
•  Albert Dancy (1946) found the dependence of the phenomenon on size of sediment (particle fall velocity).  

•  Experiments over the years, have further confirmed the phenomena, but a clear idea about the mechanism 
is still elusive.  
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Why is Bulle-Effect important ? 
The knowledge gained from understanding the 
phenomena will help Save the Deltas around the 
world.  

to maintain land elevation (4). Upstream dams and
reservoirs trap sediment (6), and soil conservation
practices can reduce the mobilization of sediment
(7). River channelization on deltas inhibits depo-
sitional processes (8), whereas urban construction
and groundwater extraction can accelerate sedi-
ment compaction (9, 10). Land subsidence is com-

pounded by rising sea levels and the changing
intensity and distribution of extreme events re-
lated to climate change (11, 12). Policies aimed at
reducing the apparent levels of risk often employ
costly engineering solutions that may be inherently
unsustainable (13–15). A framework to enable
comparative risk assessment for deltas across

the globe that specifically accounts for the dual
natural and anthropogenic forces shaping these
systems is a necessary precursor for strategies to
improve their long-term resilience (16).
We present a systematic global-scale assess-

ment of the changing risk profiles of coastal del-
tas. Most manifestations of risk are the immediate

SCIENCE sciencemag.org 7 AUGUST 2015 • VOL 349 ISSUE 6248 639

Fig. 1. Risk trends for deltas worldwide. (A) Map showing the 48 deltas included in this study. (B) Phase diagram of contemporary risk assessment results,
showing the three component proxy indices used to estimate per-capita R'. Color density represents a delta’s overall risk trend.Quadrant III deltas have predominantly
low R', whereas quadrant II deltas have high R'. (C) Estimates of the relative rate of change in risk, or risk trend, for each delta due to increasing exposure associated
with RSLR.The Krishna and Ganges-Brahmaputra deltas, despite being only moderately susceptible to short-term hazardous events, are increasingly at risk because
of high rates of RSLR and high socioeconomic vulnerability. Ganges-Brahmaputra is abbreviated to “Ganges” in some panels for brevity.
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waters is lost, causing water levels to rise 

faster in the remaining channels of a delta. 

In the Ganges-Brahmaputra delta, this has 

contributed to an effective sea-level rise of 17 

mm per year since 1960; near the coast, this 

rate is 10 mm per year ( 10). Similarly in the 

Rhine-Meuse-Scheldt delta, effective sea-

level rise is up to 15 mm per year since 1930, 

which is five times the rate at the coast ( 3).

Conventional engineering thus uninten-

tionally exacerbates long-term flood risks 

and compromises the sustainability of delta 

communities. In contrast, new nature-

based engineering solutions should include 

the restoration of large wetlands between 

rivers and human settlements, which can 

provide extra water storage, slow down 

flood propagation, and reduce flood risks 

in populated parts of a delta (3) (see the 

figure, panel C). At the same time, restored 

wetlands have a high capacity to build up 

sediments, regain elevation on formerly 

embanked and lowered land (11), and sur-

vive long-term sea-level rise (7). Unlike con-

ventional engineering, which Tessler et al. 

argue will become more expensive in the 

future, nature-based solutions are largely 

self-sustaining and cost-efficient (3) and 

could therefore make deltas less vulnerable 

to rising energy costs.

Ecosystem-based engineering projects are 

just beginning to be designed and imple-

mented ( 3,  4). In the Mississippi delta, there 

are ambitious plans to divert sediment-laden 

river water back onto the delta plain (see  2 in 

the figure) ( 4, 8). These efforts would build 

or prevent the loss of more than 500,000 ha 

of wetlands and contribute to reducing an-

nual flooding damage to New Orleans and 

coastal Louisiana by US$5.3 to $18 billion in 

50 years ( 12). Projects designed to stimulate 

natural wetland-building processes with 

sediment delivered through river diversions 

are estimated to cost about 10 times less 

than projects with conventional sediment 

delivery by barge or pipeline ( 12).

In the Belgian part of the Rhine-Meuse-

Scheldt delta (see the photo), around 

4000 ha of historically embanked flood-

plains will be restored by 2030. These efforts 

should lower a 1-in-100-year storm surge 

by 60 to 80 cm and are more cost-efficient 

than conventional heightening of dikes ( 12). 

In Bangladesh, unintended dike breach-

ing caused rapid elevation gain of several 

decimeters within 2 years of tidal flooding, 

inspiring scientists to propose temporary 

controlled dike breaches as a method to re-

gain elevation on formerly embanked and 

lowered land ( 9). Once the land would be 

built up, it could be re-embanked, and hu-

man land use such as agriculture could start 

again (see  3 and  4 in the figure).

Building land with a rising sea and a 

growing coastal population requires strate-

gies that combine conventional engineering 

with the restoration and maintenance of 

wetlands and natural delta-building pro-

cesses. Advances in ecosystem-based engi-

neering may mitigate the risks associated 

with conventional engineering and rising 

energy costs. The few existing examples, 

however, are too recently implemented 

to fully evaluate their long-term success. 

More proof-of-concept projects with exten-

sive monitoring are urgently needed in the 

search for science-based solutions to safe-

guard delta societies around the world.        ■
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Sinking or rising deltas. In natural deltas (A), land can rise in balance with sea level through sediment accumulation in regularly inundated wetlands. In deltas with conventional 

engineering (B), land rise through sedimentation is prevented by flood-protecting structures like dikes and upstream river dams; land sinks due to human activities like soil drainage; 

and extreme water levels rise due to loss of wetlands. As Tessler et al. show, reliance on conventional engineering of this kind poses a risk to populations living in deltas around 

the world.In contrast, we propose that nature-based engineering solutions (C) can help to maintain land-building  processes and flood storage through wetland conservation and 

restoration, for instance by dike removal (1), controlled dike breaching and river diversions (2), and temporary dike breaching and subsequent re-embankment (3) and (4). 
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•  Only way the vulnerable 
deltas can be saved is 
through creating 
diversions to build land.  

•  Also the structure of the 
river in a delta is highly 
dendritic and full of 
bifurcations/natural 
diversions. 

Image source: http://www.mississippiriverdelta.org/ 
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An example where delta rebuilding is already on the drawing board 

The Mississippi River Delta 

RNG model. The RNG approach appears to have wider applicabil-
ity than the standard k–e model. The RNG model was selected
because is more adequate for riverine applications with flows
having strong shear regions.

3.2. Sediment transport

The traditional modeling approach for modeling suspended
sediment is to treat it as a state-variable using the advection–
diffusion equation while including a fall-velocity term. In this
study, the focus is capturing suspended sand into the sediment

diversion. Harnessing sediment moving along the bed is not pos-
sible due the depth of the Lower Mississippi River. As such, the
research focused on suspended sediment. A Lagrangian approach
has been identified to simulate the transport of suspended
sediment. A cluster of discrete mass particles were released at
the upstream end of the model domain. These particles were as-
signed variable sizes and mass (ranging from silt; 32 lm, to
sand; 250 lm). This approach is well suited to estimating the
spatial distribution of each sediment size class in the river sec-
tion under study, by tracking the amount of each sediment size
class that is diverted through a certain structure configuration.

Fig. 2. Layout of the original and modified diversion alignments at Myrtle Grove.

E.A. Meselhe et al. / Journal of Hydrology 472–473 (2012) 340–354 343

(Meselhe	et	al.	2012) 

Source:	
h6p://www.mississippiriverdelta.org/	

The knowledge gained from 
understanding the mechanism behind 

Bulle-Effect will help design these 
diversions for efficiently. 
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Objectives of the study 
•  Conduct high quality Large Eddy Simulations of the flow and sediment transport at the scale of Bulle’s 

experiments. The simulations will resolve all the important features of the flow, thus simulate the 
hydrodynamics accurately. And the Lagrangian particle model will help capture the response of the 
sediment to the complex flow field accurately.  

•  In order to understand the effect of Reynolds number of the flow on Bulle-
Effect, simulations were conducted for a range of bulk Reynolds numbers (Re), 
from 10 to 25,000, for diversion angle of 90 degrees.  

•  For Reynolds numbers in the range 10-7000, the resolution of the mesh is 
good-enough for Direct Numerical Simulation (DNS). 

•   Most of the simulations were conducted for the discharge ratio Qside:Qmain of 
50:50, though in order to study the effect of different discharge ratios on Bulle-
Effect,  simulations with five different discharge ratios (15:85, 35:65, 50:50, 
65:35, 85:15) were conducted for Re = 7000, 25000.  

•  For Re = 25000, simulations were also conducted for diversion angles of 30, 
60, 120 and 150 degrees.    

the flow and bedload transport at an idealized 90 de-
gree diversion, whose scale matches the experiments 
conducted by Bulle (1926) and Herrero (2012).  
 
Previous studies that have used high-resolution nu-
merical simulations to study the hydrodynamics at 
90-degree diversions were either in the laminar re-
gime (Neary and Sotiropoulos, 1996), or used Reyn-
olds Averaged Navier Stokes (RANS) equations for 
simulating the flow (Neary et al., 1999). RANS 
based models may capture the mean hydrodynamics 
of the flow, but fail to capture coherent structures, 
accurate flow separation length, and other details 
that would provide the full picture of the mechanism 
behind a highly non-linear phenomena like the 
Bulle-Effect. Ideally, one would like to conduct Di-
rect Numerical Simulations (DNS) to capture all the 
turbulent eddies, but it becomes exorbitantly costly 
for high Reynolds numbers. Thus the current study 
conducts LES, which resolve the energy producing 
(and transporting) scales and models the energy dis-
sipating scales of turbulence (Sagaut, 2010). Also, 
bedload transport has been modeled using the La-
grangian particle formulation for bedload transport 
(Niño and Garcia, 1998).  

2 NUMERICAL MODEL  

The simulation was conducted using Nek5000, an 
open-source spectral element based incompressible 
Navier-Stokes solver (Fischer et al., 2008). The full 
3D Navier-Stokes is solved using the Spectral Ele-
ment Method (SEM), which combines the accuracy 
of spectral methods with the flexibility of numerical 
methods based on local approaches (like FEM) 
(Deville et al., 2002).  Nek5000 uses Legendre poly-
nomials as the basis function, along with a Gauss-
Lobatto-Legendre grid. Time stepping is based on 
the 3rd order backward difference for the time de-
rivative, and 3rd order extrapolation for the nonlinear 
convective terms. All the other terms are evaluated 
imlicitly at time level  tn. As part of the LES, turbu-
lent energy from the unresolved scales has to be dis-
sipated; this process is modeled using a local ele-
ment based explicit cutoff filter (a spectral filter) in 
the wave number space to remove energy from the 
highest wavenumbers (Fischer and Mullen, 2001).   
 

2.1   Details of the Flow Model 
     

Layout of the simulated domain has been repro-
duced in Fig. 1. The dimensions are similar to the 
experiment conducted by Bulle (1926) for the 90-
degree diversion. The dimensions have been non-
dimensionalised using depth of the channel. Reyn-
olds number of the simulated flow is 20,000, which 
is comparable to Bulle’s experiment, and is calculat-
ed using the mean flow velocity in the main-channel 

and depth of the channel. As part of the inflow 
boundary condition, the flow in the main-channel 
had been re-circulated in order to have a fully devel-
oped turbulence before the flow reaches “the area of 
interest” at the diversion. Turbulent outflow bounda-
ry condition was imposed at the outlets; and a 50-50 
flow-split was imposed at the bifurcation, using a 
fast implicit enforcement of the flow division, for 
accurate yet faster convergence of the simulation. A 
similar algorithm was used by Fischer et al. (2007) 
to study flow at a vascular bifurcation. No-slip con-
dition was imposed at the bottom, and sidewalls 
whereas slip (or symmetry) condition was imposed 
at the top wall to replicate open-channel flow.  
 
 

 

 
 

 

 
 
Figure 1. Layout of the simulated domain, with the imposed 
boundary conditions and other imposed conditions like flow-
splitting and recirculating inflow.   

Figure 2. Cross-section of the channel shows part of the mesh, 
illustrating the distribution of the elements along with the col-
location points. The first grid point in the z-direction is placed 
approximately at z+ = 0.058, and in the y-direction at y+ = 0.65.   

 
 Around 130,000 elements were used to spatially 
discretize the domain, combined with the 12 colloca-
tion points for each direction at each element, in to-
tal about 224 million computational points were 
used for the simulation. The first grid point in the z-
direction is placed approximately at z+ = 0.058, and 
in the y-direction at y+ = 0.65. The simulation was 
conducted for at least 180 convective time units, be-
fore data was collected for Reynolds averaging and 
analysis of the flow results. 180 convective time 
units was found to be long enough for the flow in the 
inlet channel to become fully turbulent. Transition of 
the flow to fully turbulent was relatively fast due to 
the use of wall-bounded vorticity coupled with ran-
dom fluctuations as the initial condition. All the 
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Nek5000: the highly scalable incompressible Navier-Stokes solver 
•  Simulations were conducted using Nek5000, which is an open-source spectral element based incompressible 

Navier-Srokes solver. (Fischer et al., https://nek5000.mcs.anl.gov/) 

•  The spectral element method (SEM) combines the accuracy of spectral methods with the flexibility of local 
approaches, like Finite Element Methods. 

•  Nek5000 uses high-order Legendre polynomials as the basis function, along with a Gauss- Lobatto-Legendre 
grid.  

•  Using high-order polynomial eliminates dispersion errors, which is very important for large-scale and long-
term turbulence calculations. (Kreiss & Oliger 72, Gottlieb et al. 2007)  

•  Time-stepping is done using the combination of 3rd order Backward Differencing (BDF) and Extrapolation 
(for the non-linear terms). 

•  In case the dissipative scales are not resolved at higher Reynolds number (LES), a local element based 
explicit cutoff filter (a spectral filter) in the wave number space is used to remove energy from the highest 
wavenumbers (Fischer and Mullen, 2001).  8	



Parallel scalability of Nek5000 
•  Nek5000 used MPI for parallelization. 

•  Nek5000 has a history of scaling efficiently on different HPC 
platforms throughout the world.  

•  Recently it has shown strong scaling up to a million MPI 
ranks on MIRA (at ALCF), with parallel efficiency of 60 
percent. The tested problem had about 2 billion computational 
points, showing strong scaling for granularity of ~ 2000 
points/processors. 

•  Nek’s very efficient parallel scalability is due to, a scalable 
‘gather-scatter’ kernel, that helps reduce the communication 
cost during the simulation, especially for the global 
communication needed in the pressure (Poisson) solver.   

•  Scalability will depend on the architecture and hard-ware of 
the machine.  Argonne National 

Laboratory 

217$Pin$Problem,$N=9,$E=3e6:$
$

–$2$billion$points$
$

–$$BGQ$–$524288$cores$
•  1$or$2$ranks$per$core$

–  A$mixture$of$CG$/$mulIgrid$

–  60%$parallel$efficiency$at$$
 1 million$processes$

–  2000#points/process#
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Strong Scaling, 1 Million Processes 

Reactor Assembly 
n=2.0 billion 
w / S. Parker, ALCF 

4000 pts/core 

2000 pts/process 

Scaling to Beyond 1 Million Processes 
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Configuration of Current Problem 
•  Dimensions of the simulations are same as Bulle’s experiments. 

•  The 90-degree mesh has around 130,000 elements, and 
combined with the 12 collocation points for each direction at 
each element, in total about 224 million computational points. 
The mesh for the 30-degree case has around 242.74 million 
grid points. 

•  Part of the inlet channel is used for recirculating the flow, in 
order to have a fully-formed turbulent flow.    

•  The flow-split at the bifurcation was imposed using a using a 
fast implicit enforcement of the flow division. This helped in 
accurate yet faster convergence of the simulation.  

•   Sediment particles were modeled using a semi-implicit 
Lagrangian particle tracking algorithm developed for the 
current study. (the algorithm has been presented during the 
poster session here.) 
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behind a highly non-linear phenomena like the 
Bulle-Effect. Ideally, one would like to conduct Di-
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turbulent eddies, but it becomes exorbitantly costly 
for high Reynolds numbers. Thus the current study 
conducts LES, which resolve the energy producing 
(and transporting) scales and models the energy dis-
sipating scales of turbulence (Sagaut, 2010). Also, 
bedload transport has been modeled using the La-
grangian particle formulation for bedload transport 
(Niño and Garcia, 1998).  

2 NUMERICAL MODEL  

The simulation was conducted using Nek5000, an 
open-source spectral element based incompressible 
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rivative, and 3rd order extrapolation for the nonlinear 
convective terms. All the other terms are evaluated 
imlicitly at time level  tn. As part of the LES, turbu-
lent energy from the unresolved scales has to be dis-
sipated; this process is modeled using a local ele-
ment based explicit cutoff filter (a spectral filter) in 
the wave number space to remove energy from the 
highest wavenumbers (Fischer and Mullen, 2001).   
 

2.1   Details of the Flow Model 
     

Layout of the simulated domain has been repro-
duced in Fig. 1. The dimensions are similar to the 
experiment conducted by Bulle (1926) for the 90-
degree diversion. The dimensions have been non-
dimensionalised using depth of the channel. Reyn-
olds number of the simulated flow is 20,000, which 
is comparable to Bulle’s experiment, and is calculat-
ed using the mean flow velocity in the main-channel 

and depth of the channel. As part of the inflow 
boundary condition, the flow in the main-channel 
had been re-circulated in order to have a fully devel-
oped turbulence before the flow reaches “the area of 
interest” at the diversion. Turbulent outflow bounda-
ry condition was imposed at the outlets; and a 50-50 
flow-split was imposed at the bifurcation, using a 
fast implicit enforcement of the flow division, for 
accurate yet faster convergence of the simulation. A 
similar algorithm was used by Fischer et al. (2007) 
to study flow at a vascular bifurcation. No-slip con-
dition was imposed at the bottom, and sidewalls 
whereas slip (or symmetry) condition was imposed 
at the top wall to replicate open-channel flow.  
 
 

 

 
 

 

 
 
Figure 1. Layout of the simulated domain, with the imposed 
boundary conditions and other imposed conditions like flow-
splitting and recirculating inflow.   

Figure 2. Cross-section of the channel shows part of the mesh, 
illustrating the distribution of the elements along with the col-
location points. The first grid point in the z-direction is placed 
approximately at z+ = 0.058, and in the y-direction at y+ = 0.65.   

 
 Around 130,000 elements were used to spatially 
discretize the domain, combined with the 12 colloca-
tion points for each direction at each element, in to-
tal about 224 million computational points were 
used for the simulation. The first grid point in the z-
direction is placed approximately at z+ = 0.058, and 
in the y-direction at y+ = 0.65. The simulation was 
conducted for at least 180 convective time units, be-
fore data was collected for Reynolds averaging and 
analysis of the flow results. 180 convective time 
units was found to be long enough for the flow in the 
inlet channel to become fully turbulent. Transition of 
the flow to fully turbulent was relatively fast due to 
the use of wall-bounded vorticity coupled with ran-
dom fluctuations as the initial condition. All the 
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Why Blue Waters ? 

•  Scale of the simulations are same as Bulle’s experiments, which makes them one of the few 
simulations in the field of River Mechanics that has conducted high-quality LES at the scale of 
experiments.    

•  The number of computational points is in the range of 224 million to 242.74 million, along with 
120,000 particles.  

•  Each simulations were run long enough to reach a statistical steady state, which can range from 90 to 
150 convective time units depending on the flow-split. And then sediment particles were added to the 
domain, which took around 40-50 time units to move out from the main channel. So 130 -200 
convective time-units.  

•  The Re = 25000 cases takes approximately 256 node hours for 1 convective time units, which means 
it can take up to 51200  node hours for a complete  simulation … this would not have been 
possible without a petascale system which can provide sustained performance = Blue Waters.  
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Performance of Nek5000 on Blue Waters 

•  Parallel scalability on Blue Waters, was tested for the target 
problem using a case with 224.136 million gird points  

•  We always use XE nodes, with 32 processors on each node. 

•  Nek5000 was found to scale strongly up to 32768 mpi ranks, 
with linear speedup up to 4096 mpi ranks and relatively 
efficient scaling up to 16384 mpi ranks (40 %).  

•  Thus on Blue Waters, Nek5000 achieved strong scaling till n/P 
~ 6840,  though at n/P ~ 27360 the parallel efficiency has 
already reduced to 68.3 %. (n is number of grid points, and P is 
number of processors)  

•  Thus Nek5000, for the target problems scales efficiently, but 
not to the level achieved on MIRA.  

•  But Why ? 
12	



Performance of Nek5000 on Blue Waters compared to 
Mira (BGQ/ANL) 

Analysis inspired by Fischer et al., 2015, AIAA  

overlapped or not.

Nonoverlapping: T (n, P ) = Ta/P + Tc(n, P ) + c
0

(2)

Overlapping: T (n, P ) = max[Ta/P, Tc(n, P )] + c
0

(3)

Here, Ta reflects time spent on the parallelizable work for a single processor, Tc is the communication
overhead, and c

0

represents non-parallelizable work or other overhead such a data motion. We note that the
multiplicative e↵ect of parallel computing (i.e., order unity e�ciency) is realized only when

Ta/P � Tc(n, P ) + c
0

,

which is a manifestation of Amdahl’s law. Our interest is in quantifying the (P, n) parameter space where
we can expect performance to be good. A reasonable breakpoint in either the overlapping or nonoverlapping
case is where communication is subdominant to the time spent doing useful work. That is,

Ta/P � Tc(n, P ) + c
0

. (4)

We will take equality in (4) to be the breakpoint for any particular algorithm/architecture coupling. For
our CPU-based analysis, we will ignore c

0

, since it typically will be small compared with the communication
overhead.

A. Interprocessor Communication Costs

The next component required for the complexity analysis is a model for interprocessor communication costs.
The linear model

tc(m) = ↵⇤ + �⇤m (5)

is well suited for the present analysis. Here, m is the number of 64-bit words transferred in a single mes-
sage between two processors, ↵⇤ is the internode latency in seconds, and �⇤ is the inverse-bandwidth in
seconds/word. We consider a nondimensional version of (5),

tc(m) = (↵ + �m) ta, (6)

where ta = 1/S
1

(seconds) is the inverse of the flop rate observed for the given algorithm on the computer
in question, in the absence of communication.

Figure 2. Ping-pong times for
Cray XK7 (Titan), IBM BG/P
(Intrepid), and IBM BG/Q
(Mira).

The communication constants are measured by running ping-pong
tests with MPI for varying values of m between rank 0 and rank k. Figure
(2) shows typical ping-pong results for k = 15, . . . , 511. (Lower values of
k correspond to intranode communication and are omitted here for clar-
ity.) Each time point represents an average of anywhere from 4 to a 1,000
tests, with 1,000 trials being used for the shorter messages. The model
curve (5) is plotted as a dashed line for each case. We see that the XK7
has the lowest minimal times and highest peak bandwidth but that the
timings are noisy despite the averaging, whereas the BG timings are es-
sentially noise free. Moreover, a weakness of the model (5) is revealed by
the plots, particularly for BG/Q, namely, that the model underpredicts
communication by roughly a factor of 2 in the important range m ⇡ 10–
104. The underprediction is platform dependent and could readily be
incorporated into the complexity model. The curves also indicate that on
BG/Q there would be merit in changing the shift points to support longer
messages before shifting to the three-trip message protocol. The challenge
on BG/Q is that one must set aside enough bu↵er space to accommodate
the potentiality of a million unsolicited inbound messages (one from each
MPI rank). In practice, this condition almost never occurs, however, and
exploiting mechanisms such as the Eager message protocol allows this size to be adjusted.

Table 1 presents a list of machine parameters measured over the past several decades. The arithmetic
times, ta, are based on the matrix-matrix product performance for sets of noncached matrices of order
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n = number of computational points 
P = number of processors  
T = total time to compute 
Ta = time to complete a parallelizable process on 1 
processor 
Tc = communication time 
C0 = other overheads and non-parallelizable work 
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For parallel efficiency of 100 % 

For reasonable parallel efficiency, that is 50 to 70 % 

overlapped or not.
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0

(3)
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overhead, and c
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represents non-parallelizable work or other overhead such a data motion. We note that the
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The communication constants are measured by running ping-pong
tests with MPI for varying values of m between rank 0 and rank k. Figure
(2) shows typical ping-pong results for k = 15, . . . , 511. (Lower values of
k correspond to intranode communication and are omitted here for clar-
ity.) Each time point represents an average of anywhere from 4 to a 1,000
tests, with 1,000 trials being used for the shorter messages. The model
curve (5) is plotted as a dashed line for each case. We see that the XK7
has the lowest minimal times and highest peak bandwidth but that the
timings are noisy despite the averaging, whereas the BG timings are es-
sentially noise free. Moreover, a weakness of the model (5) is revealed by
the plots, particularly for BG/Q, namely, that the model underpredicts
communication by roughly a factor of 2 in the important range m ⇡ 10–
104. The underprediction is platform dependent and could readily be
incorporated into the complexity model. The curves also indicate that on
BG/Q there would be merit in changing the shift points to support longer
messages before shifting to the three-trip message protocol. The challenge
on BG/Q is that one must set aside enough bu↵er space to accommodate
the potentiality of a million unsolicited inbound messages (one from each
MPI rank). In practice, this condition almost never occurs, however, and
exploiting mechanisms such as the Eager message protocol allows this size to be adjusted.

Table 1 presents a list of machine parameters measured over the past several decades. The arithmetic
times, ta, are based on the matrix-matrix product performance for sets of noncached matrices of order
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So, we will try to come up with the theoretical values of n/P to which we can expect our 
problem to scale on Blue Waters. 
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Inter-processor communication costs 

overlapped or not.

Nonoverlapping: T (n, P ) = Ta/P + Tc(n, P ) + c
0

(2)

Overlapping: T (n, P ) = max[Ta/P, Tc(n, P )] + c
0

(3)

Here, Ta reflects time spent on the parallelizable work for a single processor, Tc is the communication
overhead, and c

0

represents non-parallelizable work or other overhead such a data motion. We note that the
multiplicative e↵ect of parallel computing (i.e., order unity e�ciency) is realized only when

Ta/P � Tc(n, P ) + c
0

,

which is a manifestation of Amdahl’s law. Our interest is in quantifying the (P, n) parameter space where
we can expect performance to be good. A reasonable breakpoint in either the overlapping or nonoverlapping
case is where communication is subdominant to the time spent doing useful work. That is,

Ta/P � Tc(n, P ) + c
0

. (4)

We will take equality in (4) to be the breakpoint for any particular algorithm/architecture coupling. For
our CPU-based analysis, we will ignore c

0

, since it typically will be small compared with the communication
overhead.

A. Interprocessor Communication Costs

The next component required for the complexity analysis is a model for interprocessor communication costs.
The linear model

tc(m) = ↵⇤ + �⇤m (5)

is well suited for the present analysis. Here, m is the number of 64-bit words transferred in a single mes-
sage between two processors, ↵⇤ is the internode latency in seconds, and �⇤ is the inverse-bandwidth in
seconds/word. We consider a nondimensional version of (5),

tc(m) = (↵ + �m) ta, (6)

where ta = 1/S
1

(seconds) is the inverse of the flop rate observed for the given algorithm on the computer
in question, in the absence of communication.

Figure 2. Ping-pong times for
Cray XK7 (Titan), IBM BG/P
(Intrepid), and IBM BG/Q
(Mira).

The communication constants are measured by running ping-pong
tests with MPI for varying values of m between rank 0 and rank k. Figure
(2) shows typical ping-pong results for k = 15, . . . , 511. (Lower values of
k correspond to intranode communication and are omitted here for clar-
ity.) Each time point represents an average of anywhere from 4 to a 1,000
tests, with 1,000 trials being used for the shorter messages. The model
curve (5) is plotted as a dashed line for each case. We see that the XK7
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timings are noisy despite the averaging, whereas the BG timings are es-
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the plots, particularly for BG/Q, namely, that the model underpredicts
communication by roughly a factor of 2 in the important range m ⇡ 10–
104. The underprediction is platform dependent and could readily be
incorporated into the complexity model. The curves also indicate that on
BG/Q there would be merit in changing the shift points to support longer
messages before shifting to the three-trip message protocol. The challenge
on BG/Q is that one must set aside enough bu↵er space to accommodate
the potentiality of a million unsolicited inbound messages (one from each
MPI rank). In practice, this condition almost never occurs, however, and
exploiting mechanisms such as the Eager message protocol allows this size to be adjusted.
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times, ta, are based on the matrix-matrix product performance for sets of noncached matrices of order
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Number of 64-bit word 
messages passed 

inverse of the flop rate 
observed for the given 

algorithm on the 
computer in question, in 

the absence of 
communication  

internode 
latency (non-
dimensional) 

Inverse 
bandwidth  

•  ta  estimated through matrix-matrix product performance for sets of noncached matrices 
of order 10. (typical for Nek5000). 

•  Internode latency and inverse bandwidth are parameters that tells us about the inter-node 
communication.  These are estimated using Ping-Pong tests.  
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tc(m) = (↵ + �m) ta, (6)

where ta = 1/S
1

(seconds) is the inverse of the flop rate observed for the given algorithm on the computer
in question, in the absence of communication.

Figure 2. Ping-pong times for
Cray XK7 (Titan), IBM BG/P
(Intrepid), and IBM BG/Q
(Mira).

The communication constants are measured by running ping-pong
tests with MPI for varying values of m between rank 0 and rank k. Figure
(2) shows typical ping-pong results for k = 15, . . . , 511. (Lower values of
k correspond to intranode communication and are omitted here for clar-
ity.) Each time point represents an average of anywhere from 4 to a 1,000
tests, with 1,000 trials being used for the shorter messages. The model
curve (5) is plotted as a dashed line for each case. We see that the XK7
has the lowest minimal times and highest peak bandwidth but that the
timings are noisy despite the averaging, whereas the BG timings are es-
sentially noise free. Moreover, a weakness of the model (5) is revealed by
the plots, particularly for BG/Q, namely, that the model underpredicts
communication by roughly a factor of 2 in the important range m ⇡ 10–
104. The underprediction is platform dependent and could readily be
incorporated into the complexity model. The curves also indicate that on
BG/Q there would be merit in changing the shift points to support longer
messages before shifting to the three-trip message protocol. The challenge
on BG/Q is that one must set aside enough bu↵er space to accommodate
the potentiality of a million unsolicited inbound messages (one from each
MPI rank). In practice, this condition almost never occurs, however, and
exploiting mechanisms such as the Eager message protocol allows this size to be adjusted.

Table 1 presents a list of machine parameters measured over the past several decades. The arithmetic
times, ta, are based on the matrix-matrix product performance for sets of noncached matrices of order
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Ping-Pong	test	results,	on	Cray	XK7	Titan,	BGQ	(ANL)		 Ping-Pong	test	results,	on	Blue	Waters		

Year ta (µs) ↵ta (µs) �ta (µs/wd) ↵ � m2 machine

1986 50 5960 64 119.2 1.28 93 Intel iPSC-1 (286)

1987 0.333 5960 64 17898 192 93 Intel iPSC-1/VX

1988 10 938 2.8 93.8 0.28 335 Intel iPSC-2 (386)

1989 0.25 938 2.8 3752 11.2 335 Intel iPSC-2/VX

1990 0.1 80 2.8 800 28 29 Intel iPSC-i860

1991 0.1 60 0.8 600 8 75 Intel Delta

1992 0.066 50 0.15 760 2.3 333 Intel Paragon

1995 0.02 60 0.27 3000 13.5 222 IBM SP2 (BU96)

1996 0.016 30 0.02 1875 1.25 1500 ASCI Red 333

1998 0.006 14 0.06 2333 10 233 SGI Origin 2000

1999 0.005 20 0.04 4000 8 500 Cray T3E/450

2005 0.002 4 0.026 2000 13 154 BGL/ANL

2008 0.0017 3.5 0.022 2060 13 160 BGP/ANL

2011 0.0007 2.5 0.002 3570 2.87 1250 Cray Xe6 (KTH)

2012 0.0007 3.8 0.0045 5430 6.43 845 BGQ/ANL

2015 0.0004 2.2 0.0015 5500 3.75 1467 Cray XK7

Table 1. Measured machine-dependent parameters

N = 10, chosen to reflect the computational load for the spectral-element method. The communication
times are based on half the round-trip times for point-to-point ping-pong tests taken over a large number of
processor pairings on each platform. The latency values are based on tc(1) and taken to be the maximum
observed between any two pairings. On most machines, message exchanges between two MPI ranks not on
the same node are only weakly dependent on node placement. We remark that these timings are for isolated
ping-pong tests and do not reflect network contention. For domain-decomposition-based approaches to the
solution of PDEs, contention is generally not an issue: in the large n/P limit, significant message tra�c
communication is dominated by work; in the small n/P limit, communication is dominated by internode
latency.

We have also listed in Table 1 the parameter

m
2

:= ↵⇤/�⇤, (7)

which, according to the linear model, is the size of message that would take twice as long to transmit as
a one-word message. From an algorithmic design and analysis standpoint, m

2

is a convenient delimiter
between the short- and long-message limits. If there are several messages of length m < m

2

, it is clearly
beneficial to agglomerate them together into one longer message, if possible.

B. Computational Models

Armed with the parallel performance data from Table 1, we turn now to complexity estimates for solution
of the Poisson equation in lR3 discretized with a 7-point finite-di↵erence stencil. We consider three solution
strategies for the sparse linear system that results: Jacobi iteration, Jacobi-preconditioned conjugate gradient
iteration, and geometric multigrid.

1. Jacobi Iteration

We begin with Jacobi iteration. To make the model somewhat realistic, we assume that the equation is
discretized with variable coe�cients that reflect, say, geometric deformation. The local update takes the
form

uk
i = = a�1

ii

0

@fi +
X

j2Ii

aij u
k�1

j

1

A , i = 1, . . . , ñ, (8)
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For Blue Waters:  we found ta = 0.00045 , averaged alpha = 4800, averaged  betta = 4.91 
For Blue Waters:  we found ta = 0.00045 , max alpha = 5530, max  betta = 7.47 
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If the work the computer is doing primarily involves Jacobi Iterations: 

where ñ =ceil(n/P ) is the number of points local to a processor and Ii is the index set associated with
gridpoint i. Assuming that the cardinality of Ii is six, the arithmetic time for a single Jacobi iteration (8) is

TaJ ⇠ 14(n/P ) ta. (9)

Assuming that the parallel work decomposition leads to perfect cubic arrays of data on each processor, a
distributed-memory parallel implementation of this scheme requires near-neighbor exchanges of m = (n/P )

2
3

values for each of six faces.7 The resulting communication complexity is

TcJ ⇠ 6 tc(m) = 6
⇣
↵+ (n/P )

2
3

⌘
ta. (10)

We now seek values of n/P for which communication is subdominant, that is,

TcJ

TaJ
=

6(↵+ �(n/P )
2
3 )

14n/P
 1. (11)

For BG/Q with ↵ = 3750 and � = 2.86, the inequality is satisfied when

n/P � 1700. (12)

At this granularity, one expects the cost per iteration to be

T
min,J ⇡ 2 · 14 · 1700 · ta. (13)

Simply stated, this analysis indicates that Jacobi iteration, ostensibly one of the most scalable PDE solvers,
will require approximately 1,700 gridpoints per processor on a machine with the same relative hardware
characteristics as BG/Q. Moreover, from (11) we see that this result depends only on (n/P ) and not on P
itself. The time T

min,J is not necessarily the minimum time that could be realized; it is simply the breakpoint
where one would expect parallel e�ciency to diminish. (For (n/P ) lower than this breakpoint, overall power
utilization certainly must increase.)

We note that Jacobi iteration is not a scalable algorithm. The number of iterations must scale at least
as the diameter of the grid, k

max

⇠ Cn
1
3 . If we were solving a convection-dominated problem, this value

would be a reasonable prediction of the number of iterations. For the Poisson problem, the count is closer
to k

max

⇠ Cn
2
3 . With n/P fixed by (11), we have

Time to solution ⇡ 2 · 14 · (n/P )n
�
3 = 2 · 14 · (n/P )1+

�
3 P

�
3 .

When (n/P ) is fixed at its lower bound, as scalability limits dictate, the time to solution must scale as P
�
3 ,

with �=1 or 2, depending on whether the problem is convection-dominated or Poisson-like. We comment
that although Jacobi is a poor iterative solver for the Poisson equation, it is a reasonable model for explicit
timestepping algorithms that would be used for advection or wave equations such as considered in Section
III.

2. Conjugate Gradient Iteration

Jacobi-preconditioned conjugate gradient (CG) iteration finds the best approximation in the Krylov subspace
spanned by the iterates of the Jacobi iteration and thus converges more rapidly than any other iteration
covering the same space.8 The costs for this optimality are twofold: an increase in work from 14 to 27
operations per gridpoint and the addition of two global vector reduction operations. If we assume that the
vector reductions are performed with a contention-free binary fan-in/fan-out, the communication cost of
each is

Tall-reduce = (2 log
2

P )↵ ta. (14)

Balancing the communication and arithmetic costs for CG thus leads to the condition

TcCG

TaCG
=

6(↵+ �(n/P )
2
3 ) + 4↵ log

2

P

27n/P
 1. (15)
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MIRA >  n/P  ~ 1700 ,   Blue Waters (avg) > n/P ~ 2500 , Blue Waters (max)  > n/P ~ 3000 

If the work the computer is doing primarily involves Jacobi 
preconditioned Conjugate-Gradient iterations (e.g. Pressure-Poisson) : 
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At this granularity, one expects the cost per iteration to be

T
min,J ⇡ 2 · 14 · 1700 · ta. (13)

Simply stated, this analysis indicates that Jacobi iteration, ostensibly one of the most scalable PDE solvers,
will require approximately 1,700 gridpoints per processor on a machine with the same relative hardware
characteristics as BG/Q. Moreover, from (11) we see that this result depends only on (n/P ) and not on P
itself. The time T

min,J is not necessarily the minimum time that could be realized; it is simply the breakpoint
where one would expect parallel e�ciency to diminish. (For (n/P ) lower than this breakpoint, overall power
utilization certainly must increase.)

We note that Jacobi iteration is not a scalable algorithm. The number of iterations must scale at least
as the diameter of the grid, k

max

⇠ Cn
1
3 . If we were solving a convection-dominated problem, this value

would be a reasonable prediction of the number of iterations. For the Poisson problem, the count is closer
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When (n/P ) is fixed at its lower bound, as scalability limits dictate, the time to solution must scale as P
�
3 ,

with �=1 or 2, depending on whether the problem is convection-dominated or Poisson-like. We comment
that although Jacobi is a poor iterative solver for the Poisson equation, it is a reasonable model for explicit
timestepping algorithms that would be used for advection or wave equations such as considered in Section
III.

2. Conjugate Gradient Iteration

Jacobi-preconditioned conjugate gradient (CG) iteration finds the best approximation in the Krylov subspace
spanned by the iterates of the Jacobi iteration and thus converges more rapidly than any other iteration
covering the same space.8 The costs for this optimality are twofold: an increase in work from 14 to 27
operations per gridpoint and the addition of two global vector reduction operations. If we assume that the
vector reductions are performed with a contention-free binary fan-in/fan-out, the communication cost of
each is

Tall-reduce = (2 log
2

P )↵ ta. (14)

Balancing the communication and arithmetic costs for CG thus leads to the condition

TcCG

TaCG
=

6(↵+ �(n/P )
2
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MIRA >    P = 109  n/P  ~ 12000 ,  P = 109  n/P ~ 17000 
 
MIRA + hardware support for MPI all reduce >  P = 109  n/P  ~ 2200 
  
Blue Waters (avg) > n/P ~ P = 32768  n/P ~ 12500 
 
Blue Waters (max)  > n/P ~ P = 32768  n/P ~ 14000 

So, the difference maker was  
“hardware supported MPI all reduce” 



Results:  90-degree, Re=20000, 50:50 flow split 

 
Figure 3. Instantaneous velocity magnitude in the channel at: 
(a) 1 percent height from the bottom (b) 5 percent height (c) 50 
percent height (d) 75 percent height from the bottom.    
 
Also, the flow separation in the lateral channel is 
relatively wider at heights 50 percent and above, and 
relatively narrower near the bed. The opposite is ob-
served for the flow separation in the main channel, 
and this perfectly matches observations made by 
Bulle (1926). We can also observe the turbulent 
streaks at the bottom of the main-channel, especially 
for the profile at a height 1 percent from the bottom 
(Fig. 3a). 
 In order to get a holistic picture of the flow the 
time-averaged velocity magnitude has been plotted 
below (see Fig. 4). The time averaging was done 
over 4 convective time unit.  

 
Figure 4. Time-averaged velocity magnitude in the channel at: 
(a) 1 percent height from the bottom (b) 5 percent height (c) 50 
percent height (d) 75 percent height from the bottom.   
 
The time-averaged velocity magnitudes at different 
depths are in general similar to the instantaneous ve-
locity magnitude profiles, though with the fluctua-
tions smoothed out thus providing a more complete 
view of the preferential flow path. The average flow 
near the bottom primarily moves into the side-
channel, and the portion that continues into the 
main-channel primarily sticks to the left bank. For 
the flow entering the side-channel, the flow near the 
bottom (at a depth of 1 to 10 percent from the bot-
tom) covers almost the whole width of channel, 
whereas in the upper half of the channel the flow 

separates appreciably from the left wall and stays 
confined near the right wall. On the other hand for 
the flow continuing in the main-channel, in the up-
per half of the channel the flow almost covers the 
whole width. Finally, the flow in both the channels 
becomes uniform after about 10 channel lengths, but 
this process is impeded in the side-channel due to 
presence of the vortexes that are shed at regular in-
terval.     
The instantaneous velocity magnitude at different 
cross-sections has been plotted in Fig 5. Cross-
sections (a) and (b) are in the main channel before 
the bifurcation, (c) is in the main-channel just after 
the bifurcation, and (d) is in the lateral channel just 
after the bifurcation. At x = -10 (see Fig. 5a) the 
flow has not been influenced by the diversion, thus 
the high velocity core is located at the center of the 
channel. At x = -2 (see Fig. 5b) the high velocity 
core has shifted towards the diversion (right side in 
the plot as the flow is coming out of the plane). In 
the instantaneous velocity magnitude plots, ejections 
and turbulent bursts from bottom and the sidewalls 
can be seen, thus showing further evidence of a well-
resolved boundary-layers at the walls.   

Figure 5. Instantaneous velocity magnitude in the channel at 
different cross-sections: (a) at x = -10 (b) at x = -2 (c) at x = 3 
(d) at y = 3. For (a), (b) and (c), the flow is coming out of the 
plane, for (d) the flow is going into the plane. Also, (a-b), (c) 
and (d) have been plotted using different scales. 
 
The panels (c) and (d) correspond to cross-sections 
at x =3 and y = 3, that is just after the bifurcation in 
both the channels. The flow can be seen to have sep-
arated from one of the sidewalls, with the width of 
separation zones increasing with increase in depth 
for (c), and vice-versa for (d). These observations 
are consistent with those of Bulle.     

Figure 6. Instantaneous wall normal (z) velocity at the cross-
section y = 3, this is a cross-section in the lateral channel just 
after the bifurcation. Direction of the flow is into the plane, and 
the rotating arrows show the clock-wise rotating vortex that is 
formed in the lateral channel. 
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Re = HU/v 
 
H – channel height 
 
U – Mean velocity 
 
v - viscosity 
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Time averaged Velocity Magnitude at different levels 

 
Figure 3. Instantaneous velocity magnitude in the channel at: 
(a) 1 percent height from the bottom (b) 5 percent height (c) 50 
percent height (d) 75 percent height from the bottom.    
 
Also, the flow separation in the lateral channel is 
relatively wider at heights 50 percent and above, and 
relatively narrower near the bed. The opposite is ob-
served for the flow separation in the main channel, 
and this perfectly matches observations made by 
Bulle (1926). We can also observe the turbulent 
streaks at the bottom of the main-channel, especially 
for the profile at a height 1 percent from the bottom 
(Fig. 3a). 
 In order to get a holistic picture of the flow the 
time-averaged velocity magnitude has been plotted 
below (see Fig. 4). The time averaging was done 
over 4 convective time unit.  
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channel, and the portion that continues into the 
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bottom (at a depth of 1 to 10 percent from the bot-
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whereas in the upper half of the channel the flow 

separates appreciably from the left wall and stays 
confined near the right wall. On the other hand for 
the flow continuing in the main-channel, in the up-
per half of the channel the flow almost covers the 
whole width. Finally, the flow in both the channels 
becomes uniform after about 10 channel lengths, but 
this process is impeded in the side-channel due to 
presence of the vortexes that are shed at regular in-
terval.     
The instantaneous velocity magnitude at different 
cross-sections has been plotted in Fig 5. Cross-
sections (a) and (b) are in the main channel before 
the bifurcation, (c) is in the main-channel just after 
the bifurcation, and (d) is in the lateral channel just 
after the bifurcation. At x = -10 (see Fig. 5a) the 
flow has not been influenced by the diversion, thus 
the high velocity core is located at the center of the 
channel. At x = -2 (see Fig. 5b) the high velocity 
core has shifted towards the diversion (right side in 
the plot as the flow is coming out of the plane). In 
the instantaneous velocity magnitude plots, ejections 
and turbulent bursts from bottom and the sidewalls 
can be seen, thus showing further evidence of a well-
resolved boundary-layers at the walls.   

Figure 5. Instantaneous velocity magnitude in the channel at 
different cross-sections: (a) at x = -10 (b) at x = -2 (c) at x = 3 
(d) at y = 3. For (a), (b) and (c), the flow is coming out of the 
plane, for (d) the flow is going into the plane. Also, (a-b), (c) 
and (d) have been plotted using different scales. 
 
The panels (c) and (d) correspond to cross-sections 
at x =3 and y = 3, that is just after the bifurcation in 
both the channels. The flow can be seen to have sep-
arated from one of the sidewalls, with the width of 
separation zones increasing with increase in depth 
for (c), and vice-versa for (d). These observations 
are consistent with those of Bulle.     

Figure 6. Instantaneous wall normal (z) velocity at the cross-
section y = 3, this is a cross-section in the lateral channel just 
after the bifurcation. Direction of the flow is into the plane, and 
the rotating arrows show the clock-wise rotating vortex that is 
formed in the lateral channel. 
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Figure 3. Instantaneous velocity magnitude in the channel at: 
(a) 1 percent height from the bottom (b) 5 percent height (c) 50 
percent height (d) 75 percent height from the bottom.    
 
Also, the flow separation in the lateral channel is 
relatively wider at heights 50 percent and above, and 
relatively narrower near the bed. The opposite is ob-
served for the flow separation in the main channel, 
and this perfectly matches observations made by 
Bulle (1926). We can also observe the turbulent 
streaks at the bottom of the main-channel, especially 
for the profile at a height 1 percent from the bottom 
(Fig. 3a). 
 In order to get a holistic picture of the flow the 
time-averaged velocity magnitude has been plotted 
below (see Fig. 4). The time averaging was done 
over 4 convective time unit.  

 
Figure 4. Time-averaged velocity magnitude in the channel at: 
(a) 1 percent height from the bottom (b) 5 percent height (c) 50 
percent height (d) 75 percent height from the bottom.   
 
The time-averaged velocity magnitudes at different 
depths are in general similar to the instantaneous ve-
locity magnitude profiles, though with the fluctua-
tions smoothed out thus providing a more complete 
view of the preferential flow path. The average flow 
near the bottom primarily moves into the side-
channel, and the portion that continues into the 
main-channel primarily sticks to the left bank. For 
the flow entering the side-channel, the flow near the 
bottom (at a depth of 1 to 10 percent from the bot-
tom) covers almost the whole width of channel, 
whereas in the upper half of the channel the flow 

separates appreciably from the left wall and stays 
confined near the right wall. On the other hand for 
the flow continuing in the main-channel, in the up-
per half of the channel the flow almost covers the 
whole width. Finally, the flow in both the channels 
becomes uniform after about 10 channel lengths, but 
this process is impeded in the side-channel due to 
presence of the vortexes that are shed at regular in-
terval.     
The instantaneous velocity magnitude at different 
cross-sections has been plotted in Fig 5. Cross-
sections (a) and (b) are in the main channel before 
the bifurcation, (c) is in the main-channel just after 
the bifurcation, and (d) is in the lateral channel just 
after the bifurcation. At x = -10 (see Fig. 5a) the 
flow has not been influenced by the diversion, thus 
the high velocity core is located at the center of the 
channel. At x = -2 (see Fig. 5b) the high velocity 
core has shifted towards the diversion (right side in 
the plot as the flow is coming out of the plane). In 
the instantaneous velocity magnitude plots, ejections 
and turbulent bursts from bottom and the sidewalls 
can be seen, thus showing further evidence of a well-
resolved boundary-layers at the walls.   

Figure 5. Instantaneous velocity magnitude in the channel at 
different cross-sections: (a) at x = -10 (b) at x = -2 (c) at x = 3 
(d) at y = 3. For (a), (b) and (c), the flow is coming out of the 
plane, for (d) the flow is going into the plane. Also, (a-b), (c) 
and (d) have been plotted using different scales. 
 
The panels (c) and (d) correspond to cross-sections 
at x =3 and y = 3, that is just after the bifurcation in 
both the channels. The flow can be seen to have sep-
arated from one of the sidewalls, with the width of 
separation zones increasing with increase in depth 
for (c), and vice-versa for (d). These observations 
are consistent with those of Bulle.     

Figure 6. Instantaneous wall normal (z) velocity at the cross-
section y = 3, this is a cross-section in the lateral channel just 
after the bifurcation. Direction of the flow is into the plane, and 
the rotating arrows show the clock-wise rotating vortex that is 
formed in the lateral channel. 
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separates appreciably from the left wall and stays 
confined near the right wall. On the other hand for 
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per half of the channel the flow almost covers the 
whole width. Finally, the flow in both the channels 
becomes uniform after about 10 channel lengths, but 
this process is impeded in the side-channel due to 
presence of the vortexes that are shed at regular in-
terval.     
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the bifurcation, (c) is in the main-channel just after 
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after the bifurcation. At x = -10 (see Fig. 5a) the 
flow has not been influenced by the diversion, thus 
the high velocity core is located at the center of the 
channel. At x = -2 (see Fig. 5b) the high velocity 
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the plot as the flow is coming out of the plane). In 
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and (d) have been plotted using different scales. 
 
The panels (c) and (d) correspond to cross-sections 
at x =3 and y = 3, that is just after the bifurcation in 
both the channels. The flow can be seen to have sep-
arated from one of the sidewalls, with the width of 
separation zones increasing with increase in depth 
for (c), and vice-versa for (d). These observations 
are consistent with those of Bulle.     

Figure 6. Instantaneous wall normal (z) velocity at the cross-
section y = 3, this is a cross-section in the lateral channel just 
after the bifurcation. Direction of the flow is into the plane, and 
the rotating arrows show the clock-wise rotating vortex that is 
formed in the lateral channel. 
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Figure 3. Instantaneous velocity magnitude in the channel at: 
(a) 1 percent height from the bottom (b) 5 percent height (c) 50 
percent height (d) 75 percent height from the bottom.    
 
Also, the flow separation in the lateral channel is 
relatively wider at heights 50 percent and above, and 
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served for the flow separation in the main channel, 
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Bulle (1926). We can also observe the turbulent 
streaks at the bottom of the main-channel, especially 
for the profile at a height 1 percent from the bottom 
(Fig. 3a). 
 In order to get a holistic picture of the flow the 
time-averaged velocity magnitude has been plotted 
below (see Fig. 4). The time averaging was done 
over 4 convective time unit.  

 
Figure 4. Time-averaged velocity magnitude in the channel at: 
(a) 1 percent height from the bottom (b) 5 percent height (c) 50 
percent height (d) 75 percent height from the bottom.   
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The instantaneous velocity magnitude at different 
cross-sections has been plotted in Fig 5. Cross-
sections (a) and (b) are in the main channel before 
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the instantaneous velocity magnitude plots, ejections 
and turbulent bursts from bottom and the sidewalls 
can be seen, thus showing further evidence of a well-
resolved boundary-layers at the walls.   
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different cross-sections: (a) at x = -10 (b) at x = -2 (c) at x = 3 
(d) at y = 3. For (a), (b) and (c), the flow is coming out of the 
plane, for (d) the flow is going into the plane. Also, (a-b), (c) 
and (d) have been plotted using different scales. 
 
The panels (c) and (d) correspond to cross-sections 
at x =3 and y = 3, that is just after the bifurcation in 
both the channels. The flow can be seen to have sep-
arated from one of the sidewalls, with the width of 
separation zones increasing with increase in depth 
for (c), and vice-versa for (d). These observations 
are consistent with those of Bulle.     

Figure 6. Instantaneous wall normal (z) velocity at the cross-
section y = 3, this is a cross-section in the lateral channel just 
after the bifurcation. Direction of the flow is into the plane, and 
the rotating arrows show the clock-wise rotating vortex that is 
formed in the lateral channel. 
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•  In the panels (a), (b), and (c), the 
general direction of the flow is out of 
the plane.  

•  For cross-section (d), it is into the 
plane 
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Results:  90-degree, Re=20000, 50:50 flow split 

Instantaneous vertical velocity (z) has been plotted 
in Fig. 6, for a cross-section in the lateral channel 
just after the bifurcation (same as Fig. 4d). Pro-
nounced positive and negative z-velocity next to 
each other can be observed in Fig 6, indicating pres-
ence of clock-wise rotating vortex in the high-flow 
core of the cross-section, with the flow going into 
the plane. The instantaneous velocity field may not 
show all the important features of a flow, due to 
presence of strong fluctuations; thus the time-
averaged velocity at different cross-sections has also 
been analyzed later.  
  Flow in the main-channel before the bifurcation is 
uniformly distributed, but the bifurcation influences 
the flow by pulling the high velocity core towards 
the direction of the side-channel. This was obvious 
from the plot of the velocity magnitude (Fig. 5 a,b). 
What also happens is part of the momentum of the 
flow in the x-direction is transformed into momen-
tum in the y-direction. And this becomes obvious 
from the plot of the time-averaged velocity in the y-
direction at different distances from the diversion 
(see Fig. 7 below). 

Figure 7. Velocity in the y-direction in the main-channel at dif-
ferent cross-sections: (a) at x = -10 (b) at x = -3 (c) at x = -2 (d) 
at y = -1.5. The mean flow is out of the plane, and the maxi-
mum of the velocity scale is 0.250.   
 
At x = -10, no influence of bifurcation is felt by the 
flow, as the velocity in the positive y-direction is ze-
ro (see Fig. 7a). But as one moves closer to bifurca-
tion, at x = -3 the flow near the bottom of the chan-
nel shows the first significant sign of changing 
direction with relatively higher value of y-velocity 
than rest of the cross-section. And this transfer of 
momentum gets stronger as one moves closer to the 
bifurcation.  The flow in the main-channel was also 
analyzed, by visualizing the flow at different cross-
sections after the bifurcation (see Fig. 8 and 9).  

 

Figure 8. Velocity in the y-direction in the main-channel at dif-
ferent cross-sections: (a) at x = 1.5 (b) at x = 3 (c) at x = 5 (d) 
at x = 10. The flow in general is coming out of the plane, and 
the maximum of the velocity scale is 0.500.   

In Fig. 8 velocities in the y-direction have been visu-
alized, and Fig. 9 velocities in z-direction has been 
visualized. They together portray the presence of 
secondary flow structures.   

 
Figure 9. Velocity in the z-direction in the main-channel at dif-
ferent cross-sections: (a) at x = 1.5 (b) at x = 3 (c) at x = 5 (d) 
at x = 10. The flow in general is coming out of the plane, and 
the maximum of the velocity scale is 0.250.   
 
At start of the main-channel after the bifurcation, a 
counter-clockwise rotating (with the flow going 
downstream from the bifurcation) secondary flow 
vortex can bee seen to be form at the corner of left 
side of the channel (see Fig. 8, 9a). In Fig. 8 and 9, it 
is on the right bottom corner because the flow is 
coming out of the plane in the panels. Along with 
the strong vortex in the high velocity core of the 
flow, a weak vortex is formed in the region where 
the flow gets separated (more obvious in z-velocity 
plots in Fig. 9). The weaker vortex have been 
formed due to the shear created by a stronger vortex, 
and this can be interpreted from the fact that right 
next to the region of positive z-velocity lies the re-
gion of negative z-velocity. Both the vortices get 
weak by the time they reach a distance of 10 from 
the center of the bifurcation. Next the structure of 
the flow going into the side-channel was analyzed. 
Similar to the case of the flow in the main-channel, 
time-averaged x-velocities (see Fig. 10) and z-
velocities (see Fig. 11) at different cross-sections 
have been visualized. Similar to the vortex in the 
main-channel, a vortex is initiated at the bottom cor-
ner of the high-velocity core of the flow, at the start 
of the side-channel (see Fig 10-11 a). Though by the 
time the flow reaches the other end of the section (x 
= 1.5), the magnitude of x-velocity reduces. A simi-
lar but opposite trend, that is relatively smaller to 
bigger magnitude, is portrayed by velocity in the y-
direction at this section. 

 
 
 
 
 
 
 

Figure 10. Velocity in the x-direction in the side-channel at dif-
ferent cross-sections: (a) at y = 1.5 (b) at y = 3 (c) at y = 5 (d) 
at y = 10. The flow in general is going into the plane, and the 
maximum of the velocity scale is 1.0 for (a), 0.5 for the rest.   
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Figure 11. Velocity in the z-direction in the side-channel at dif-
ferent cross-sections: (a) at y = 1.5 (b) at y = 3 (c) at y = 5 (d) 
at y = 10. The flow is coming out of the plane, and the maxi-
mum of the velocity scale is 0.5 (a-b) and 0.25 (c-d).   
At the section y = 3, the clock-wise rotating vortex 
can be seen to have become stronger (Fig. 10-11 b). 
And like in the case of the main-channel, the strong 
vortex also induces a weak clock-wise rotating vor-
tex in the low-flow region of the cross-section. 
Though in contrast to the main-channel, instead of 
maintaining two vortices (one strong and one weak) 
the flow coalesces into a single vortex that remains 
strong till y = 10 (see Fig. 10-11 c, d). In order to 
find regions of the flow where the vorticity is rela-
tively higher, magnitude of total instantaneous vorti-
city at three sections before and after the diversion 
were analyzed (see Fig. 12). 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
Figure 12. Magnitude of instantaneous vorticity at three differ-
ent cross-sections, (a) x = -5, (b) x = 3 and (c) y =3. Direction 
of the flow is coming out of the plane for (a) and (b), and into 
the plane for (c).  
 
In Fig. 12, the first panel (a) shows magnitude of in-
stantaneous vorticity at a section in the channel be-
fore the diversion. Flow in this section is not biased 
towards any of the sidewalls. Thus vortices can be 
seen to shed from all the three walls almost evenly. 
The next panel (b) represents the vorticity at a cross-
section in the main-channel but just after the diver-
sion. Signature of the strong counter-clockwise ro-
tating vortex can be seen on the right hand side of 
the cross-section (near the bottom). One can also ob-
serve vortex shedding at the interface of the high-
velocity region, and the region where the flow has 

separated from the wall. This may be caused due to 
the shear between portions of the flow having dia-
metrically opposite characteristics. Similar phenom-
ena can be also observed in the cross-section taken 
in the side channel (c). The strong signature of the 
clockwise rotating vortex is on the right hand side of 
the section, whereas the vortex shedding due to 
shear between the two regions of the flow is at the 
center of the channel. In the current subsection, the 
characteristics of the flow have been studied in some 
details. In the next subsection, the transport of bed-
load sediment at the diversion would be discussed. 
Sediment has been modeled using the Lagrangian 
particle-tracking framework.  
 
     3.2 Bedload Transport at the Diversion 
 
 A set of 11250 particles representing sand grains 
was released near the bottom of the channel, up-
stream from the diversion. The particles were uni-
formly distributed in three layers (in z) between x = 
-5 to -2, y = -1 to 1, and z = 0.02 to 0.11. The diame-
ter of the particle used was 0.015 (dimensionless), 
which was based on the reported size of particle 
used by Bulle in his experiments. Starting from top 
of the channel, the time required by a particle to 
reach the bottom of channel under quiescent condi-
tion is 0.42 convective time units. This means irre-
spective of the initial position of the particles in the 
vertical, they have been placed far enough upstream 
that they all travel near the bed by the time they 
reach the diversion.  

 
 

 
 

 
 

 
  

 
 

 
 
 
 

 
 
 
 

 
Figure 13. The plot shows the time evolution of horizontal po-
sitions of sediment particles moving in the channel. In every 
panel, the initial position is represented using blue, followed by 
green, red and black respectively. Also, the final position in a 
panel is the initial position in the next panel. That means black 
in (a) is blue in (b). The labels correspond to time of simulation 
in convective time unit. Bl is blue, and B is black.  
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Figure 11. Velocity in the z-direction in the side-channel at dif-
ferent cross-sections: (a) at y = 1.5 (b) at y = 3 (c) at y = 5 (d) 
at y = 10. The flow is coming out of the plane, and the maxi-
mum of the velocity scale is 0.5 (a-b) and 0.25 (c-d).   
At the section y = 3, the clock-wise rotating vortex 
can be seen to have become stronger (Fig. 10-11 b). 
And like in the case of the main-channel, the strong 
vortex also induces a weak clock-wise rotating vor-
tex in the low-flow region of the cross-section. 
Though in contrast to the main-channel, instead of 
maintaining two vortices (one strong and one weak) 
the flow coalesces into a single vortex that remains 
strong till y = 10 (see Fig. 10-11 c, d). In order to 
find regions of the flow where the vorticity is rela-
tively higher, magnitude of total instantaneous vorti-
city at three sections before and after the diversion 
were analyzed (see Fig. 12). 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
Figure 12. Magnitude of instantaneous vorticity at three differ-
ent cross-sections, (a) x = -5, (b) x = 3 and (c) y =3. Direction 
of the flow is coming out of the plane for (a) and (b), and into 
the plane for (c).  
 
In Fig. 12, the first panel (a) shows magnitude of in-
stantaneous vorticity at a section in the channel be-
fore the diversion. Flow in this section is not biased 
towards any of the sidewalls. Thus vortices can be 
seen to shed from all the three walls almost evenly. 
The next panel (b) represents the vorticity at a cross-
section in the main-channel but just after the diver-
sion. Signature of the strong counter-clockwise ro-
tating vortex can be seen on the right hand side of 
the cross-section (near the bottom). One can also ob-
serve vortex shedding at the interface of the high-
velocity region, and the region where the flow has 

separated from the wall. This may be caused due to 
the shear between portions of the flow having dia-
metrically opposite characteristics. Similar phenom-
ena can be also observed in the cross-section taken 
in the side channel (c). The strong signature of the 
clockwise rotating vortex is on the right hand side of 
the section, whereas the vortex shedding due to 
shear between the two regions of the flow is at the 
center of the channel. In the current subsection, the 
characteristics of the flow have been studied in some 
details. In the next subsection, the transport of bed-
load sediment at the diversion would be discussed. 
Sediment has been modeled using the Lagrangian 
particle-tracking framework.  
 
     3.2 Bedload Transport at the Diversion 
 
 A set of 11250 particles representing sand grains 
was released near the bottom of the channel, up-
stream from the diversion. The particles were uni-
formly distributed in three layers (in z) between x = 
-5 to -2, y = -1 to 1, and z = 0.02 to 0.11. The diame-
ter of the particle used was 0.015 (dimensionless), 
which was based on the reported size of particle 
used by Bulle in his experiments. Starting from top 
of the channel, the time required by a particle to 
reach the bottom of channel under quiescent condi-
tion is 0.42 convective time units. This means irre-
spective of the initial position of the particles in the 
vertical, they have been placed far enough upstream 
that they all travel near the bed by the time they 
reach the diversion.  

 
 

 
 

 
 

 
  

 
 

 
 
 
 

 
 
 
 

 
Figure 13. The plot shows the time evolution of horizontal po-
sitions of sediment particles moving in the channel. In every 
panel, the initial position is represented using blue, followed by 
green, red and black respectively. Also, the final position in a 
panel is the initial position in the next panel. That means black 
in (a) is blue in (b). The labels correspond to time of simulation 
in convective time unit. Bl is blue, and B is black.  
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Vorticity at different cross-sections. 
(a)  main-channel before bifurcation. (b, 

c) are from the two channel after the 
bifurcation. 

Time-averaged velocity in the z-direction, in the two channels after the 
bifurcation. Top panel is for the main-channel.  
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Figure 11. Velocity in the z-direction in the side-channel at dif-
ferent cross-sections: (a) at y = 1.5 (b) at y = 3 (c) at y = 5 (d) 
at y = 10. The flow is coming out of the plane, and the maxi-
mum of the velocity scale is 0.5 (a-b) and 0.25 (c-d).   
At the section y = 3, the clock-wise rotating vortex 
can be seen to have become stronger (Fig. 10-11 b). 
And like in the case of the main-channel, the strong 
vortex also induces a weak clock-wise rotating vor-
tex in the low-flow region of the cross-section. 
Though in contrast to the main-channel, instead of 
maintaining two vortices (one strong and one weak) 
the flow coalesces into a single vortex that remains 
strong till y = 10 (see Fig. 10-11 c, d). In order to 
find regions of the flow where the vorticity is rela-
tively higher, magnitude of total instantaneous vorti-
city at three sections before and after the diversion 
were analyzed (see Fig. 12). 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
Figure 12. Magnitude of instantaneous vorticity at three differ-
ent cross-sections, (a) x = -5, (b) x = 3 and (c) y =3. Direction 
of the flow is coming out of the plane for (a) and (b), and into 
the plane for (c).  
 
In Fig. 12, the first panel (a) shows magnitude of in-
stantaneous vorticity at a section in the channel be-
fore the diversion. Flow in this section is not biased 
towards any of the sidewalls. Thus vortices can be 
seen to shed from all the three walls almost evenly. 
The next panel (b) represents the vorticity at a cross-
section in the main-channel but just after the diver-
sion. Signature of the strong counter-clockwise ro-
tating vortex can be seen on the right hand side of 
the cross-section (near the bottom). One can also ob-
serve vortex shedding at the interface of the high-
velocity region, and the region where the flow has 

separated from the wall. This may be caused due to 
the shear between portions of the flow having dia-
metrically opposite characteristics. Similar phenom-
ena can be also observed in the cross-section taken 
in the side channel (c). The strong signature of the 
clockwise rotating vortex is on the right hand side of 
the section, whereas the vortex shedding due to 
shear between the two regions of the flow is at the 
center of the channel. In the current subsection, the 
characteristics of the flow have been studied in some 
details. In the next subsection, the transport of bed-
load sediment at the diversion would be discussed. 
Sediment has been modeled using the Lagrangian 
particle-tracking framework.  
 
     3.2 Bedload Transport at the Diversion 
 
 A set of 11250 particles representing sand grains 
was released near the bottom of the channel, up-
stream from the diversion. The particles were uni-
formly distributed in three layers (in z) between x = 
-5 to -2, y = -1 to 1, and z = 0.02 to 0.11. The diame-
ter of the particle used was 0.015 (dimensionless), 
which was based on the reported size of particle 
used by Bulle in his experiments. Starting from top 
of the channel, the time required by a particle to 
reach the bottom of channel under quiescent condi-
tion is 0.42 convective time units. This means irre-
spective of the initial position of the particles in the 
vertical, they have been placed far enough upstream 
that they all travel near the bed by the time they 
reach the diversion.  

 
 

 
 

 
 

 
  

 
 

 
 
 
 

 
 
 
 

 
Figure 13. The plot shows the time evolution of horizontal po-
sitions of sediment particles moving in the channel. In every 
panel, the initial position is represented using blue, followed by 
green, red and black respectively. Also, the final position in a 
panel is the initial position in the next panel. That means black 
in (a) is blue in (b). The labels correspond to time of simulation 
in convective time unit. Bl is blue, and B is black.  
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In physical units, the equivalent diameter of the par-
ticles is 1.05 mm, and density 2.65 kgm-3.  The posi-
tion and velocity of each particle was tracked over 
time, thus the time-evolution of the horizontal posi-
tions of the particles have been reproduced below 
(see Fig. 13 and 14). After being released the sedi-
ment in general moves in a straight line, discounting 
small deviations due to turbulent fluctuations of ve-
locity, till the last position portrayed in panel (a) of 
Fig. 13, where for the first time the particles show 
proclivity to move into the side-channel. In the final 
position portrayed in panel (b), the left side of the 
sediment set has already moved into the side-
channel. This is obviously caused by the flow near 
the bottom, which flows preferentially into the side-
channel. In panel (c) it is clear that major portion of 
bedload will enter into the side-channel. Also, the 
sediment that have moved into the side-channel with 
the fast moving flow, can be seen to be moving 
away from the right wall of the channel. The move-
ment of the sediment away from the right wall, to-
wards the left hand side of the diverted channel be-
comes obvious in panel (d). This can be completely 
attributed to the clock-wise rotating vortex discussed 
in the previous subsection. Even though the sedi-
ment is taken into the side-channel by the fast bot-
tom-hugging currents that is primarily confined to 
the right hand side of the diverted-channel; the 
clock-wise rotating vortex sweeps the sediment to-
wards the left hand side of the channel. The sedi-
ment swept to the left hand side then gets trapped in-
to the recirculation zone formed in the region where 
the flow has separated. This becomes apparent by 
the final evolution state of the sediment in panel (d) 
of Fig. 13.  
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
Figure 14. Evolution of horizontal position of the sediment par-
ticles. The sequence of colors representing the earliest to latest 
position of sediment in the figure are, blue, green, red and 
black. After the rapid evolution shown in panels 13 c and d, the 
evolution portrayed in the current panel is relatively slow. The 
labels correspond to time of simulation in convective time unit. 
Bl is blue, G is green, R red, and B is black. 

In order to analyze the percentage of total sediment 
that enters the side-channel, the simulation with the 
particles was further continued. Results from the last 
few evolution state have been plotted in Fig. 14. 
From the positions of the particles portrayed in Fig. 
14, two conclusions can be drawn. First, the process 
of preferential entry of the near bed sediment into 
diverted-channel is relatively quick, but once the 
sediment has entered the channel it has a tendency to 
get trapped in the recirculation zone near the left-
wall. Second, once the sediment enters the recircula-
tion-zone, it gets slowly spread throughout the recir-
culation zone. It is also obvious that very small 
amount of the total sediment finally entered the 
main-channel. This percentage was found to be 
around 4.29 percent. Bulle in his experiment on the 
90-degree diversion observed that 9.45 percent sand 
entered the main-channel, but in his experiments on-
ly 45.2 percent of the total flow entered the side-
channel, whereas we used a 50-50 split for our simu-
lations. Thus Bulle’s experiment with which we 
should compare our numbers is the 30-degree case, 
where 50 percent of the flow enters the side-channel. 
For that case, Bulle observed that depending on how 
long the experiment was run, 2.67 to 4.47 percent of 
sediment entered the main-channel. Our number 
3.85 percent is close to the range observed by Bulle. 
On the other hand, expecting that only 2.67 percent 
of the sediment enters the main-channel for our case 
is erroneous, because the side-channel for the 30-
degree case has higher entrance width than the 90-
degree case, thus allowing more near-bed sediment 
to enter the side-channel. And 4.47 might be erring 
on the higher side, because that experiment is influ-
enced by the deposition of sediment near the en-
trance. So, the case that might be comparable is the 
60-degree diversion case, as percentage of water en-
tering side-channel is closer to 50 percent (it is 48.2 
percent); and the width of the side-channel entrance 
is closer to the 90-degree case. For the aforemen-
tioned experiment, Bulle observed that 3.8 percent 
of the sediment entered the main-channel.  
An interesting observation that can be made from 
fig. 14, is that some sediment at the center of the 
main-channel have been aligned with the separation-
curve between the flow going in to the lateral chan-
nel, and the flow remaining in the main channel. 
From the plot, it can also be inferred that the flow on 
the right hand side of the separation-curve is rela-
tively slower than that on the left hand side of the 
curve.                 

4  CONCLUSIONS 

The current study used LES to numerically model 
the flow at a 90-degree diversion. Additionally, a 
Lagrangian particle-tracking model was used for 
modeling the bedload transport at the diversion. 
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Results:  90-degree, Re=20000, 50:50 flow split 

•  11250 sediment particles of 
size 0.015 (actual size 1.05 
mm, density 2.65 kgm-3) 
were released at the same 
time, upstream of the 
bifurcation.  

•  In agreement with the 
experiments, a very small 
quantity of the total 
sediment (4.29 %) entered 
the main-channel after the 
bifurcation.   

 
Figure 3. Instantaneous velocity magnitude in the channel at: 
(a) 1 percent height from the bottom (b) 5 percent height (c) 50 
percent height (d) 75 percent height from the bottom.    
 
Also, the flow separation in the lateral channel is 
relatively wider at heights 50 percent and above, and 
relatively narrower near the bed. The opposite is ob-
served for the flow separation in the main channel, 
and this perfectly matches observations made by 
Bulle (1926). We can also observe the turbulent 
streaks at the bottom of the main-channel, especially 
for the profile at a height 1 percent from the bottom 
(Fig. 3a). 
 In order to get a holistic picture of the flow the 
time-averaged velocity magnitude has been plotted 
below (see Fig. 4). The time averaging was done 
over 4 convective time unit.  

 
Figure 4. Time-averaged velocity magnitude in the channel at: 
(a) 1 percent height from the bottom (b) 5 percent height (c) 50 
percent height (d) 75 percent height from the bottom.   
 
The time-averaged velocity magnitudes at different 
depths are in general similar to the instantaneous ve-
locity magnitude profiles, though with the fluctua-
tions smoothed out thus providing a more complete 
view of the preferential flow path. The average flow 
near the bottom primarily moves into the side-
channel, and the portion that continues into the 
main-channel primarily sticks to the left bank. For 
the flow entering the side-channel, the flow near the 
bottom (at a depth of 1 to 10 percent from the bot-
tom) covers almost the whole width of channel, 
whereas in the upper half of the channel the flow 

separates appreciably from the left wall and stays 
confined near the right wall. On the other hand for 
the flow continuing in the main-channel, in the up-
per half of the channel the flow almost covers the 
whole width. Finally, the flow in both the channels 
becomes uniform after about 10 channel lengths, but 
this process is impeded in the side-channel due to 
presence of the vortexes that are shed at regular in-
terval.     
The instantaneous velocity magnitude at different 
cross-sections has been plotted in Fig 5. Cross-
sections (a) and (b) are in the main channel before 
the bifurcation, (c) is in the main-channel just after 
the bifurcation, and (d) is in the lateral channel just 
after the bifurcation. At x = -10 (see Fig. 5a) the 
flow has not been influenced by the diversion, thus 
the high velocity core is located at the center of the 
channel. At x = -2 (see Fig. 5b) the high velocity 
core has shifted towards the diversion (right side in 
the plot as the flow is coming out of the plane). In 
the instantaneous velocity magnitude plots, ejections 
and turbulent bursts from bottom and the sidewalls 
can be seen, thus showing further evidence of a well-
resolved boundary-layers at the walls.   

Figure 5. Instantaneous velocity magnitude in the channel at 
different cross-sections: (a) at x = -10 (b) at x = -2 (c) at x = 3 
(d) at y = 3. For (a), (b) and (c), the flow is coming out of the 
plane, for (d) the flow is going into the plane. Also, (a-b), (c) 
and (d) have been plotted using different scales. 
 
The panels (c) and (d) correspond to cross-sections 
at x =3 and y = 3, that is just after the bifurcation in 
both the channels. The flow can be seen to have sep-
arated from one of the sidewalls, with the width of 
separation zones increasing with increase in depth 
for (c), and vice-versa for (d). These observations 
are consistent with those of Bulle.     

Figure 6. Instantaneous wall normal (z) velocity at the cross-
section y = 3, this is a cross-section in the lateral channel just 
after the bifurcation. Direction of the flow is into the plane, and 
the rotating arrows show the clock-wise rotating vortex that is 
formed in the lateral channel. 
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Regimes of the flow, changing with bulk Reynolds of the flow (Re) 
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Conclusions and next-steps  
•  Flow and sediment transport was successfully modeled at an idealized 90-degree 

diversion for Re = 20000, and were able to capture the phenomena of Bulle-Effect. 

•  The driving mechanism for this highly non-linear phenomena has been identified, 
that is most of the flow near the bottom of the channel enters the lateral channel, 
taking along with it the near bed sediment. 

•  The flow patterns at other Re numbers were found to be similar, so it is expected that 
the phenomena will show up irrespective of Re.  

•  Currently simulations are being done to complete the sediment transport portion of 
the model for the range of cases mentioned before.  

•  Nek5000 was found to strongly scale up to 32768 mpi ranks on Blue Waters, though 
the efficiency reduces below 68.5 % after 8192 mpi ranks. 

•  Even though Nek5000’s parallel scalability performance on Blue Waters is relatively 
good, it seems compared to MIRA the issue is the lack of “a hardware supported 
MPI all reduce”.  We need to find a way around ….  0.1 
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In physical units, the equivalent diameter of the par-
ticles is 1.05 mm, and density 2.65 kgm-3.  The posi-
tion and velocity of each particle was tracked over 
time, thus the time-evolution of the horizontal posi-
tions of the particles have been reproduced below 
(see Fig. 13 and 14). After being released the sedi-
ment in general moves in a straight line, discounting 
small deviations due to turbulent fluctuations of ve-
locity, till the last position portrayed in panel (a) of 
Fig. 13, where for the first time the particles show 
proclivity to move into the side-channel. In the final 
position portrayed in panel (b), the left side of the 
sediment set has already moved into the side-
channel. This is obviously caused by the flow near 
the bottom, which flows preferentially into the side-
channel. In panel (c) it is clear that major portion of 
bedload will enter into the side-channel. Also, the 
sediment that have moved into the side-channel with 
the fast moving flow, can be seen to be moving 
away from the right wall of the channel. The move-
ment of the sediment away from the right wall, to-
wards the left hand side of the diverted channel be-
comes obvious in panel (d). This can be completely 
attributed to the clock-wise rotating vortex discussed 
in the previous subsection. Even though the sedi-
ment is taken into the side-channel by the fast bot-
tom-hugging currents that is primarily confined to 
the right hand side of the diverted-channel; the 
clock-wise rotating vortex sweeps the sediment to-
wards the left hand side of the channel. The sedi-
ment swept to the left hand side then gets trapped in-
to the recirculation zone formed in the region where 
the flow has separated. This becomes apparent by 
the final evolution state of the sediment in panel (d) 
of Fig. 13.  
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
Figure 14. Evolution of horizontal position of the sediment par-
ticles. The sequence of colors representing the earliest to latest 
position of sediment in the figure are, blue, green, red and 
black. After the rapid evolution shown in panels 13 c and d, the 
evolution portrayed in the current panel is relatively slow. The 
labels correspond to time of simulation in convective time unit. 
Bl is blue, G is green, R red, and B is black. 

In order to analyze the percentage of total sediment 
that enters the side-channel, the simulation with the 
particles was further continued. Results from the last 
few evolution state have been plotted in Fig. 14. 
From the positions of the particles portrayed in Fig. 
14, two conclusions can be drawn. First, the process 
of preferential entry of the near bed sediment into 
diverted-channel is relatively quick, but once the 
sediment has entered the channel it has a tendency to 
get trapped in the recirculation zone near the left-
wall. Second, once the sediment enters the recircula-
tion-zone, it gets slowly spread throughout the recir-
culation zone. It is also obvious that very small 
amount of the total sediment finally entered the 
main-channel. This percentage was found to be 
around 4.29 percent. Bulle in his experiment on the 
90-degree diversion observed that 9.45 percent sand 
entered the main-channel, but in his experiments on-
ly 45.2 percent of the total flow entered the side-
channel, whereas we used a 50-50 split for our simu-
lations. Thus Bulle’s experiment with which we 
should compare our numbers is the 30-degree case, 
where 50 percent of the flow enters the side-channel. 
For that case, Bulle observed that depending on how 
long the experiment was run, 2.67 to 4.47 percent of 
sediment entered the main-channel. Our number 
3.85 percent is close to the range observed by Bulle. 
On the other hand, expecting that only 2.67 percent 
of the sediment enters the main-channel for our case 
is erroneous, because the side-channel for the 30-
degree case has higher entrance width than the 90-
degree case, thus allowing more near-bed sediment 
to enter the side-channel. And 4.47 might be erring 
on the higher side, because that experiment is influ-
enced by the deposition of sediment near the en-
trance. So, the case that might be comparable is the 
60-degree diversion case, as percentage of water en-
tering side-channel is closer to 50 percent (it is 48.2 
percent); and the width of the side-channel entrance 
is closer to the 90-degree case. For the aforemen-
tioned experiment, Bulle observed that 3.8 percent 
of the sediment entered the main-channel.  
An interesting observation that can be made from 
fig. 14, is that some sediment at the center of the 
main-channel have been aligned with the separation-
curve between the flow going in to the lateral chan-
nel, and the flow remaining in the main channel. 
From the plot, it can also be inferred that the flow on 
the right hand side of the separation-curve is rela-
tively slower than that on the left hand side of the 
curve.                 

4  CONCLUSIONS 

The current study used LES to numerically model 
the flow at a 90-degree diversion. Additionally, a 
Lagrangian particle-tracking model was used for 
modeling the bedload transport at the diversion. 
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Figure 3. Instantaneous velocity magnitude in the channel at: 
(a) 1 percent height from the bottom (b) 5 percent height (c) 50 
percent height (d) 75 percent height from the bottom.    
 
Also, the flow separation in the lateral channel is 
relatively wider at heights 50 percent and above, and 
relatively narrower near the bed. The opposite is ob-
served for the flow separation in the main channel, 
and this perfectly matches observations made by 
Bulle (1926). We can also observe the turbulent 
streaks at the bottom of the main-channel, especially 
for the profile at a height 1 percent from the bottom 
(Fig. 3a). 
 In order to get a holistic picture of the flow the 
time-averaged velocity magnitude has been plotted 
below (see Fig. 4). The time averaging was done 
over 4 convective time unit.  

 
Figure 4. Time-averaged velocity magnitude in the channel at: 
(a) 1 percent height from the bottom (b) 5 percent height (c) 50 
percent height (d) 75 percent height from the bottom.   
 
The time-averaged velocity magnitudes at different 
depths are in general similar to the instantaneous ve-
locity magnitude profiles, though with the fluctua-
tions smoothed out thus providing a more complete 
view of the preferential flow path. The average flow 
near the bottom primarily moves into the side-
channel, and the portion that continues into the 
main-channel primarily sticks to the left bank. For 
the flow entering the side-channel, the flow near the 
bottom (at a depth of 1 to 10 percent from the bot-
tom) covers almost the whole width of channel, 
whereas in the upper half of the channel the flow 

separates appreciably from the left wall and stays 
confined near the right wall. On the other hand for 
the flow continuing in the main-channel, in the up-
per half of the channel the flow almost covers the 
whole width. Finally, the flow in both the channels 
becomes uniform after about 10 channel lengths, but 
this process is impeded in the side-channel due to 
presence of the vortexes that are shed at regular in-
terval.     
The instantaneous velocity magnitude at different 
cross-sections has been plotted in Fig 5. Cross-
sections (a) and (b) are in the main channel before 
the bifurcation, (c) is in the main-channel just after 
the bifurcation, and (d) is in the lateral channel just 
after the bifurcation. At x = -10 (see Fig. 5a) the 
flow has not been influenced by the diversion, thus 
the high velocity core is located at the center of the 
channel. At x = -2 (see Fig. 5b) the high velocity 
core has shifted towards the diversion (right side in 
the plot as the flow is coming out of the plane). In 
the instantaneous velocity magnitude plots, ejections 
and turbulent bursts from bottom and the sidewalls 
can be seen, thus showing further evidence of a well-
resolved boundary-layers at the walls.   

Figure 5. Instantaneous velocity magnitude in the channel at 
different cross-sections: (a) at x = -10 (b) at x = -2 (c) at x = 3 
(d) at y = 3. For (a), (b) and (c), the flow is coming out of the 
plane, for (d) the flow is going into the plane. Also, (a-b), (c) 
and (d) have been plotted using different scales. 
 
The panels (c) and (d) correspond to cross-sections 
at x =3 and y = 3, that is just after the bifurcation in 
both the channels. The flow can be seen to have sep-
arated from one of the sidewalls, with the width of 
separation zones increasing with increase in depth 
for (c), and vice-versa for (d). These observations 
are consistent with those of Bulle.     

Figure 6. Instantaneous wall normal (z) velocity at the cross-
section y = 3, this is a cross-section in the lateral channel just 
after the bifurcation. Direction of the flow is into the plane, and 
the rotating arrows show the clock-wise rotating vortex that is 
formed in the lateral channel. 
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•  Currently	we	use	the	PGI	compiler,	as	we	had	been	
unable	to	compile	with	CRAY,	so	we	are	in	
communicaYon	with	Dr.	Tom	Cortese	to	look	in	to	the	
ma6er.		

•  We	are	also	in	communicaYon	with	Dr.	Rob	Sineros	to	
create	an	animaYon	for	one	of	the	cases.		


